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Abstract 

We consider the Maxwell field in the exterior of a Kerr black hole. For this system, we 
propose a geometric construction of generalized Klein-Gordon equation called Fackerell 
Ipser equation. Our model is based on conformal Yano-Killing tensor (CYK tensor). 
We present non-standard properties of CYK tensors in the Kerr spacetime which are 
useful in electrodynamics. 


1 Introduction 

Maxwell’s equations in the Kerr spacetime are important for research in relativistic astro¬ 
physics. The electrodynamics on Kerr background was examined in 1970s using Newman- 
Penrose formalism (see EM)- Fackerell and Ipser reduced Maxwell’s equations to a single 
second order partial differential equation for a complex scalar (see (I2.12D ). We call it FI 
equation. The solution of F-I equation is closely related to the Newman-Penrose electro¬ 
magnetic scalai@. Nowadays, F-I equation is investigated in the context of the uniform 
energy bound and asymptotic behaviour of solutions Eni- 

In this paper we propose a geometric construction which enables one to obtain F-I 
equation using conformal Yano-Killing tensor (CYK tensor). CYK tensors were often in¬ 
vestigated as a tool to study symmetries and construct conserved quantities (na m si). 
In electrodynamics there are two kinds of conserved quantities which are defined with the 
help of CYK tensors. The first one corresponds to electric or magnetic charge and is linear 
with respect to the Maxwell field. The second kind is quadratic and expresses energy, linear 
momentum or angular momentum of the electromagnetic tensor. In our approach we inves¬ 
tigate non-standard properties of CYK tensor in Kerr spacetime which facilitate reduction 
of Maxwell’s equations to a single generalized Klein-Gordon equation for a complex scalar. 

The paper is organized as follows: In Section 2 we review the general properties of 
CYK tensor and present a construction of a second order wave equation 12.111) for special 
spacetimes equipped with CYK tensor. The next section is focused on properties of Kerr 
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1 See equations (13.151) and (13.1711 for further results. 
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spacetime. In particular, we demonstrate how equation (12.111) can be reduced to F-I equa¬ 
tion (I2.12p . During our derivation of F-I equation, additional properties of CYK tensors in 
Kerr spacetime are presented. To clarify the exposition, some of the technical results and 
proofs have been shifted to the appendix. The last section contains miscellaneous results: 
generalization of Fackerell-Ipser equation for Kerr-de Sitter spacetime and discussion of dis¬ 
torted Coulomb solution arising from electromagnetic field in the Kerr-Newman-de Sitter 
spacetime. 


2 General properties of Maxwell field and CYK tensor 

Let M be a four-dimensional manifold equipped with pseudo-Riemannian metric g pu . 
The covariant derivative associated with the Levi-Civita connection will be denoted by V or 
just by We will denote by T^y the symmetric part and by T r M j,i . the antisymmetric 
part of tensor with respect to indices p and v (analogous symbols will be used for 

more indices). 


2.1 General properties of CYK tensors in four dimensions 

CYK tensor can be defined in general case - for p-forms on n-dimensional manifold. 
However, here we restrict ourselves to an oriented manifold of dimension n = 4 and by CYK 
tensor we mean a (two-index) antisymmetric tensor (two-form). 

Let Q pi/ be an antisymmetric tensor field (two-form) on M and by Q\^ v let us denote a 
(three-index) tensor defined as follows: 


QA [11/ ■ QXfJ,\U T Qu/J,] A p-p T 9/i(\Qu)P.p) 


( 2 . 1 ) 


The object Q has the following algebraic properties: Q\p V g Xu = 0 = Qa^5 A/ \ Qxpv = Q^a> 
i.e. it is traceless and partially symmetric. 


Definition 2.1. An antisymmetric tensor Q pv is a conformal Yano-Killing tensor (or simply 
CYK tensor) for the metric g iff Qa p,v(Q,g) = 0. 

In other words, Q pv is a conformal Yano-Killing tensor if it fulfils the following equation: 

Qxp,,v + Qi/p,;X = T 9p(xQu) p . p ) (2-2) 

(first proposed by Tachibana and Kashiwada |6j). 


Hodge duality In the space of differential forms on an oriented manifold one can define 
a mapping called the Hodge duality (Hodge star). It assigns to every p-form an (n — p)-form 
(where n is the dimension of the manifold). We consider the case of n = 4 and p = 2. The 
Hodge star then becomes a mapping which assigns to a two-form uj a two-form *oj. We can 
express this mapping in the following way: 


*u a /3 


■ <- [J.V , , 
-Eq/3 UJpu 


(2.3) 
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where Eap-yS is the antisymmetric Levi-Civita tensoio determining orientation of the manifold 
{^ £ ap 7 <sdx“ A dx^ A dx 7 A dx 2 * * 5 is the volume form of the manifold M). For the Lorentzian 
metric we have * * uj = —gj. Due to CYK tensor being a two-form, it is reasonable to ask 
what are the properties of its dual. Let Q be a CYK tensor and *Q its dual. Moreover, let 
us introduce the following covector Xu '■= * Q Ufl . It was proved in [4], that 


+ *Qvfi; X — g ( SuXXfJ, 9fi(\Xi/)) ( 2 - 4 ) 

It is not hard to recognize that this is Eq. (12.211 for the tensor *Q. It proves the following 
theorem: 


Theorem 2.1. Let g. w be a metric tensor on a four-dimensional differential manifold M. 
An antisymmetric tensor Q^ u is a CYK tensor of the metric g^ u if and only if its dual *Q^ U 
is also a CYK tensor of this metric. 

The above theorem implies that for every four-dimensional manifold, solutions of Eq. 
(12.21) exist in pairs - to each solution we can assign the dual solution (in the Hodge duality 
sense). For any tensor held T^ IV on M holds: 

T\k;v[i ~~ = T aK R a \ Ufl + T\ a R a KUfl (2-5) 

The above identity follows directly from the Riemann tensor definition. 


Wave equation satisfied by CYK tensor Let M be a four-dimensional manifold 
equipped with a metric tensor g If Q\ a and R a \ vpL are a CYK tensor and the Riemann 
tensor respectively then the following equality holds: 

V m V^Q Ak = R\xuQa U - Raifflxf (2.6) 

The above equality was proved in [4]. For clarity of the exposition, we present the proof of 
the above equation in the appendix lAl 


2.2 The relation between CYK tensor and Maxwell field 

We use vacuum Maxwell equations in terms of Maxwell held. Maxwell held F^ u is a 
two-form (antisymmetric tensor) held. The vacuum Maxwell equations in terms of Maxwell 
held take the form 


dF = 0 = 0 

d *F = 0 j F IJiU ’ IJ - = 0 


(2.7) 


where * denotes Hodge duality (12.3]> . We consider real Maxwell helds. Taking a divergence 
of the hrst Maxwell equation (12.711 and combining with (12.511 . we can easily transform the 

2 It can be defined by the formula £ a p-t 5 = \J — det g^tap-yS, where 

{ +1 if a/? 7 <S is an even permutation of 0, 1, 2, 3 

— 1 if a/3-yS is an odd permutation of 0, 1, 2, 3 

0 in any other case 
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cTAlembertian of Maxwell field: 


flV 


F,w.x' 



F Xy - p x 

— F Xp .y x 


FxF X p 

-g px (R a Xpp F ay + 

R 

0 



~F Xp > x 

„ +9 pX {R°x p »F op 

+ 


= 9 pX \{R a x P uF ail - R a Xpp F au ) + (R a ^F Xa - R a v PP Fx a )} 

_ ( pA p ot pA 771 a\ , ( p a pA p a pA \ 

— (ft cl\vV\l ~ ft ol\\i^v ) + (ft vii\r a~ ft fiv\r a) 

and we obtain 


OF, w = -2 R* 


,f„ - 2/r 




Combining Maxwell equations (12.71) with CYK equation 
T/ x F, u f\J X Q ,IU is vanishing. More precisely, 


( 2 . 8 ) 

, we can check that the term 


0 = F [llu:X] Q pv ’ X 

= F^xCT* + 2Fx l j- iy Q ,w ’ X 

= 3 F^ X Q^ X + 2 F Xp , u {Q^’ x + Q pX ’ v ) 


= 2 F XfJi . L 


Cr ]X + + \{g uX Q pp , p + g p{x Q u)p . p ) 


qm^a_o 

+^F pu , x Q^ x -2F x p . x Q pp . p 

o 

= 3 F pu . x Q pu ’ X (2.9) 

Finally, the d’Alembertian of Maxwell-CYK contraction takes the following form: 
0(F pu Q pi/ ) = Q^aF pu + F^aQ pu + 2F pu . x Q^ x 

= Q^nF pu + F p »nQ py ( 2 . 10 ) 

The last equality is implied by (|2.9|) . The above considerations lead to the following 

Theorem 2.2. Let F pu , Q py and R a Xup , be respectively a Maxwell field, a CYK tensor and 
the Riemann tensor corresponding to the metric g IJiU . Then 

1 


a(F py Q p n + ~F aX RaXuvQ^ 1 ' + Q pu Rv P F y ° = 0 


( 2 . 11 ) 


Proof. Making use of equations ()2.6|) . (|2.8|) and (12.101) . we can transform Maxwell-CYK 
contraction in the following way: 

a(F py Q^) = -2 or (R x aXlJ F,/ + R\ vX F x ^ + F pv (r\» x Q x + R^Q u a ) 

= ~Q pu Ra P F u a + R aiiuX (2Q fJ,v F aX - F pv Q° x ) 

= — ^ F aX R aXp vQ p,u - Q pu R, P F v a 
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(the last equality uses Bianchi identity R a \\ =0). □ 

It is convenient to split the Riemann tensor into Weyl tensor Ricci tensor 

and curvature scalar R, and rewrite Eq. ( 12 . 111 ) in the equivalent form 

(□ - \r) (F^uQn + \F" x C aXll vQ flu = 0 ( 2 . 12 ) 

We may note here that the above equation ( 12 . 121 ) is crucial for our further investigation. 
For flat spacetime Eq. ( 12 . 12(1 reduces to the wave equation □< f> = 0, where f> '■= F l , l ,Q fJ ' 1 ' is a 
scalar function. We will show in the next section that for the Kerr case we can reduce Eq. 
( 12 . 121 ) to Fackerell-Ipser equation. Let us remind: a Weyl tensor C a Xfiv and a Maxwell field 
remain unchanged under a conformal rescaling g lw —>• if 2 g lw for any positive function 
on M. Moreover, tensor Qx^ (see ( 12 . 11) 1 transforms under the conformal rescaling in the 
following way: 

Qx^(Q,g) = n~ 3 Qx^(n 3 Q,n 2 g) 

which implies 

Proposition 2.1. If Q^ u is a CYK tensor for the metric g^ v , then is a 

for the conformally rescaled metric Q 2 g^ ll/ . 

Moreover, the (upper index) tensor Q a @ = g a ^g^ v Q rescales by fi _1 . 
to this, let cf be a scalar function on four-dimensional manifold. If <f> rescales 
<f —>• then the operator presented below transforms under conformal 

metric (g lw = Yftg^) in the following way: 

V)<)> (2.13) 

where R is a curvature scalar. 

The above facts lead to a proposition presented below. 

Proposition 2.2. The equation A2.12\ ) remains unchanged under conformal transformation 
of the metric: g -^-g = Yi 2 g. 


CYK tensor 

In addition 
conformally 
change of a 


3 Electrodynamics on Kerr background 

In this section we consider Eq. (12.121) for Kerr black hole metric. There is only one pair 
of solutions (13.41) of CYK equation (j2.2j) known in the literature. It turns out that this pair 
of CYK tensors (13.41) possesses some additional properties (see (13.91) 1 which enable one to 
obtain a single scalar electromagnetic wave equation describing the evolution of the Maxwell 
field. 


3.1 Kerr spacetime 


Locally, the Kerr solution to the vacuum Einstein equations is the metric g^ w which in 
Boyer-Lindquist coordinates takes the form 


= p 2 ( -dr 2 + dfr ) + 


1 


sin 2 6 


P 


[adt — (r 2 + a 2 ) dy?)‘ 


A 


“LI ( dt ~ 


asm 


6 d<^)" 


(3.1) 
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where 


(3.2) 

(3-3) 


2 2 i 2 2 n 

p = r + a cos 9 

A = (r 2 + a 2 ) — 2mr 

with t € M, r € M, and 9, <p being the standard coordinates parameterizing a two-dimensional 
sphere. We will keep away from zeros of |p| and A, and ignore the coordinate singularities 
sin# = 0. This metric describes a rotating object of mass m and angular momentum 
J = ma. The advantage of the above coordinates is that for r much grater than m and a 
the metric becomes asymptotically flat, i.e. g ~ — dt 2 + dr 2 + ? ,2 (d# 2 + sin 2 9d<p 2 ). 

3.2 Properties of CYK tensor for Kerr spacetime 

Finding a solution of the CYK tensor equation ()2.2f) for Kerr is not an easy task. We are 
dealing with a quite complicated overdetermined system of differential equations for com¬ 
ponents of Q pu . However, there is one solution known in the literature (see El)- Aksteiner 
and Anderson have shown m that only one pair of solutions exists for type D spacetimes. 
According to the theorem 12.11 this solution has its dual companion. We denote them by 
1 := ()Kerr and *1 := *QKerr : 

Y = r sindd# A [(r 2 + a 2 )dip — adt] + a cos 9dr A (df — a sin 2 9dp) 

*Y = a cos 9 sin 9d9 A [(r 2 + a 2 )dip — adt] + ?’dr A (a sin 2 9dp — dt) (3.4) 

The CYK solutions for Kerr spacetime (13.41) are given in the explicit coordinate system 
which is not global. We roughly discuss the global existence of (13.41) . There are two points 
which my be problematic with the analytic extension of (13.4() : 

1. The solution is not global on a whole sphere r = const — It is a well-known problem 
how the formulae (like sin 9d9 A d<^) can be extended on the whole sphere which is not 
covered by ( 9 , ip ) coordinates. A suitable change of the coordinates is needed. 

2. Analytical extension through the horizon (together with the corresponding coordinate 
system) — We have transformed the CYK tensors (13.41) into advanced Eddington- 
Finkelstein coordinates which are well-defined on the horizon. They are smooth on 
the horizon and can be extended analytically through it. 

The Riemann tensor R a / 3 pa of (Ricci flat) Kerr spacetime is equal to its Weyl tensor. 
Weyl curvature tensor has two pairs of antisymmetric indices. The algebraic structure of 
the Weyl tensor allows it to be treated as an endomorphism in the space of two-forms 

at each point p £ M: 

2 2 

c : f\ t;m -a f\ t;m 


2 

In the six-dimensional space A T*M we can distinguish a two-dimensional subspace Y which 
is spanned by Y and *Y. V proves to be an invariant subspace of the endomorphism C. 
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More precisely, 


Y Xk C iw \ k c1x ij ' A dx u = {[r 2 — a 2 cos 2 9} sin#d$ A [(r 2 + a 2 )dy? — adt] 

+ 2 ar cos Odr A [a sin 2 #d(9 — dt]} 

*Y XK 'C flu \ K dx fl A dx u = —— {2ar sin#cos#d$ A [adt — (r 2 + a 2 )dip\ 

+ [r 2 — a 2 cos 2 0]dr A (a sin 2 #d</? — di)} 


(3.5) 


We can test by direct computation whether the above result is a linear combination of Y 
and *Y, and if the endomorphism C restricted to V reduces to the simple matrix form: 


C 


Y 

*Y 


4 m 


(r 2 + a 2 cos 2 9) 3 


H 


Y 

*Y 


(3.6) 


where H : = 


r (r 2 — 3a 2 cos 2 9) (3r 2 — a 2 cos 2 9)a cos 6 

— (3 r 2 — a 2 cos 2 9)acos9 r(r 2 — 3a 2 cos 2 9) 

Eigenfunctions of the real matrix H are complex: 


A = (r ± ta cos 9) 3 

and the corresponding eigenvectors being: 


—i 

1 


(3.7) 


(3.8) 


Fact: The two-form Y — i* Y diagonalizes the Weyl endomorphism C. More precisely, we 
have 


C^ Xk Y Xk - %C^{*Y Xk ) = 2K OV - * *Y IM/ ) 
where the eigenfunction is 
2m 


V = 


(r — ta cos 9) 3 


(3.9) 


(3.10) 


The above fact has serious consequences in the further theory formulation. In the spacetime 
where (13.91) holds, a scalar electromagnetic wave equation can be introduced. This will be 
presented in detail in the next paragraph. 


3.3 Scalar electromagnetic wave equation in Kerr spacetime 

Now we return to the equation (12.121) and rewrite it for Y^ u and its dual *Y tlv multiplied 
by v. 

f (□ - ±i?) (F^Yn + \F^C aXiiV Y^ = 0 

1 {a - lR) (xF^Y^)) + ^ x C aX ^(*Y^) = 0 1 J 

For Kerr metric, as a solution of vacuum Einstein equations, the curvature scalar R vanishes. 
Subtracting both sides and using (13.91) . we obtain: 

□ [F^ (Y^ - i(*Y^))} + YF^ 0V - <*Y^)) = 0 (3.12) 
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Introducing 

, (3-13) 

we get a scalar electromagnetic wave equation: 

+ = 0 

The above calculations prove the following 

Theorem 3.1 (Fackerell-Ipser). Dynamics of a Maxwell field in the Kerr spacetime can he 
reduced to the scalar wave equation: 

□$ + F$ = 0 (3.14) 

1 2777 

where 4> = -F^ [Y pv - V = - -- 3 . 

2 (r — iacosOfi 


3.4 Other approaches to Fackerell Ipser equation 

The F-I equation was derived at the beginning of 1970s m using Newman-Penrose 
formalism. The formulation of Maxwell equations on Kerr background in terms of Newman- 
Penrose formalism and Teukolsky functions are discussed by Chandrasekhar 0 . In the 
Newman-Penrose formalism electromagnetic tensor F is characterized by three scalars: 

0+1 = F fJiV Fm v 0o = 0-i = F pv fh p n u (3.15) 


where null tetrad F, n u , m p , fh a is defined at each point of spacetime; the vectors F and 
n u are real while m p and m a are complex conjugates of one another; moreover m p m p = 
— 1, l p n p = 1. All other scalar products vanish. The normalization of the null tetrad is 
invariant under the action of the six-dimensional group of Lorentz transformations. For 
further calculations, we will use Carter tetrad: 


l = 


n = 


m = 


m = 


1 


\/V L 

1 

7PL 

1 

7F- 

1 

FW 


0 

y/Adt -=dr — aV A sin 2 Odip 

\/A 

p 2 

y/Adt -I-^dr — aV A sin 2 6dip 

Va 


(3.16) 


\ia sin 6dt — p 2 dO — i(r 2 + a 2 ) sin 6d<p\ 
[—ia sin ddt — p 2 d6 + i(r 2 + a 2 ) sin Qd<p\ 


The solution of F-I equation (13.141) is related to Newman-Penrose electromagnetic scalar 
00 from (13.151) by the following formula 


4) = (r — ia cos 0 ) 0 o 


(3.17) 


The above equation is an algebraic relation between 4> and 0q. Eq. (13.141) with the help 
of Eq. (13.171) gives an explicit second-order equation for 0 q. It was originally obtained by 





















Fackerell and Ipser in [TO]. 

CYK tensors for Kerr spacetime can be easily expressed in terms of Carter null tetrad. It 
simplifies equation (13.171) . CYK tensors (13.41) in Carter tetrad (13.161) have the form 

Y = 2a cos On A l — 2irfh A m (3.18) 

*Y = 2rn A l + 2ia cos dm A m (3.19) 

In particular, i{Y — i*Y) = 2(?’ — la cos 9){n A l + fh A m). For further details see chapter 
2.5.1 in m ■ The F-I equation is investigated with the use of spinorial approach. For the 
recent results see HD- 


4 Miscellaneous results 

4.1 Generalization for de Sitter spacetimes 

Equation (|2.12l) remains true for four-dimensional spacetimes equipped with CYK tensor. 
In particular, it is valid for some metrics which are solutions to Einstein equations with 
cosmological constant A. Only the existence of CYK tensor is needed for our construction. 
We present an example of generalized F-I equation for Kerr-de Sitter spacetime. 


Fackerell—Ipser equation in Kerr de Sitter spacetime. The Kerr solution (13.11) can 

be further generalized to include a non-zero cosmological constant A. In the following section 
we will not distinguish the sign of A and refer to Kerr-de Sitter and Kerr-anti-de Sitter 
spacetimes as KdS spacetime. Locally, in Boyer-Lindquist coordinates (see mi the metric 
takes the form 

g fiv dx' l dx l/ = p 2 ^^-dr 2 + ^-d0 2 ^j + S11 ^ 2 ^ e (adt - ( r 2 + a 2 )d</?) 2 

—^2 (dt — cl sin 2 6 dip) 2 (4.1) 

where 


d 2 

2 i 2 2 r\ 

= r + a cos U 


A r 

= (r 2 + a 2 )^ 1- 

A 2 \ 

—r — 2 mr 

3 ) 

A,? 

- l + a2A cos 2 0 


2 

1 a 2 A 

“ 1+ 3 



(4.2) 

(4.3) 

(4.4) 

(4.5) 


with t € M, r € R, and 8, p being the standard coordinates parameterizing the sphere. We 
will keep away from zeros of p and A r , and ignore the coordinate singularities sin# = 0. 
In the context of our construction, a natural question arises: what are the solutions of Eq. 
( 12 . 21 ) for the KdS metric? It turns out that the solution ( 13 . 41 ) for Kerr spacetime generalizes 
in a simple way: Y^ u and *Y^ V ( 13 . 41 ) are also the solutions of Eq. ( 12 . 21 ) for KdS metric (see 

D31) 


f — QKe rr — QKdS 

*Y = *QKerr = *QKdS 
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(4.6) 












and *Y is also a dual companion (in Hodge sense (12.31) 1 for KdS metric. We would like to 
stress that the CYK two-forms for KdS spacetime do not depend on cosmological constant 
A. Surprisingly, it turns out that the CYK two-fornrs (13.41) are solutions of CYK Eq. (12.21) 
for Kerr and for KdS spacetime. 

The Weyl tensor of KdS spacetime depends on A in a non-trivial way. But one can check that 
CYK-Weyl contractions Y Xk C /w \ k and *Y Xk C ^ 11/ do not depend on A and the relation (|3.5j) 
holds also in KdS spacetime. We analyzed the problem with help of the symbolic software 
WATERLOO MAPLE to check the result (|3.5I) for KdS metric. The reasoning in subsections 
I3Y1 and 13.31 are based on equations (13.51) and (|2.12l) . Moreover, the Weyl diagonalization 
process in subsection 13.21 is purely algebraical. It can be repeated for KdS spacetime in 
the same way. In subsection 13.31 the equalities (13.111) also hold for KdS spacetime. The 
difference between Kerr and KdS case is that the curvature scalar does not vanish. The 
curvature scalar for KdS metric is equal to 4A. We can rewrite Eq. (13.111) in the following 
form: 

/ (□ - |A) {F^Yn + \F- x C aXtlv Y^ = 0 

\ (□ - |A) (iF^Y^)) + ^ x C aXlxv {*Y^) = 0 1 J 

The Eq. (13.91) holds true for Weyl tensor in KdS spacetime. Subtracting equations (14.71) 
from each other and combining with (13.91) . we obtain 

y - |a) (Y^ - *(*Y #M/ )) = 0 (4.8) 

Denoting by [Y^ u — i{*Y^ u )\ and introducing Va = V — |A, we prove the following 

Theorem 4.1 (Generalized Fackerell-Ipser equation). Dynamics of a Maxwell field in the 
Kerr-de Sitter spacetime can be reduced to the scalar wave equation 

□4* + Va $ = 0 (4.9) 

7 9 777 2 

where 4> = -F fa/ [Y^ - i(*Y^)], Va = ^ - -A. 

2 [r — la cos 6) 6 3 

4.2 Distorted Coulomb solution for Kerr—de Sitter spacetime 

Distorted Coulomb solution can be easily found by studying Kerr-Newman-de Sitter 
solution describing a rotating black hole with the electric charge (see USD- The Kerr-de 
Sitter metric m is a special case of the Kerr-Newman-de Sitter metric for vanishing 
charge. The electromagnetic potential A related to electromagnetism in Kerr-Newman-de 
Sitter spacetime is given by 

A.KdS = — 7 =; — [dt — a sin 2 6dup\ (4.10) 

The associated Maxwell two-form (F = dA) is given by 

p KdS = dip 2 ~Jr 2 ) ^ _ og . n2 A dr + qrasijd ^ ^ + ^ d0 (4n) 


n [Ffj, u r-<*n)i+( 
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and its dual companion (12.31) has the form 


,p Kis = 2 S^- [df - a sin 2 0d„] Adr- ^-p*" [odt _ („ 2 + r 2 )d»,] AdS (4.12) 

The electric charge e can be obtained from the Gauss law: 

e = -j— [ *F Kd s = % (4.13) 

47T J§2 s 

where S 2 is a closed two-surface surrounding the horizon. We want to keep non van¬ 
ishing e (14.131) but simultaneously put parameter q = 0 in the spacetime metric. This 
way we get the Maxwell solution (|4.11l) in Kerr-de Sitter spacetime. The scalar 4>KdS = 
5-^KdS P'W ~~ *(*^/«/)] described by theorem 14. II is given by 


$KdS 


~g- 

r — ta cos 6 


We want to point out a few facts: 


(4.14) 


1. The CYK tensors for Kerr spacetime have encoded non trivial combination of symme¬ 
tries. We would like to discuss it on the simplest example - in the limit of Minkowski 
spacetime. CYK tensors in Minkowski spacetime form a twenty-dimensional space of 
solutions. It is a maximal dimension of the space of solutions. The solutions which 
span this twenty-dimensional space can be chosen in such a way that each of them is 
related to a particular symmetry (translation, rotation, etc.), see [b] for further de¬ 
tails. CYK tensors (|3.4p with m = 0 are the non-trivial combinations of the simple 
symmetrical components. That means that the real and imaginary part of $ cannot 
be treated like a projection of Maxwell field F )W on some well-known pure type of 
symmetries. 

2. Even in the simple case when we have a monopole solution of Maxwell field S F in 
Eq. (14.191) ( S F also fulfils Maxwell equations) the scalar field $ has a higher multipole 
expansion. It comes from rich multipole structure of Y and *Y from Eqs ()3.4|) . 

3. The section 14.21 has also shown that the electric field of Kerr-Newman solution is not 
a Coulomb solution in the standard meaning. It contains, in addition to monopole 
part, also higher order multipoles. Hence, we call the section “Distorted Coulomb 
solution”. 


4. The solution (14.101) contains also a magnetic field, which is proportional to electric 
charge e and rotation parameter a. Even in the limit m = 0, A = 0, corresponding to 
the Minkowski spacetime, the Maxwell held (14.lip is not spherically symmetric. 

Let us consider the regime m —» 0, A —>• 0. The Kerr-de Sitter metric (14.11) reduces to 
the following form: 

D 2 

r/ = —d t 2 -\ —tt -^-dr 2 + p 2 d0 2 + (r 2 + a 2 ) sin 2 6dnp 2 (4.15) 

r z + a z 
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corresponding to the Minkowski spacetime. Moreover, the spherical coordinates (R(r, 0), 0(r, 6), p) 
defined by the following formulae: 


R 

sin 0 

cos 0 


\/r 2 + a 2 sin 2 6 
sin0^/l + £ 

\J 1 + pz sin 2 9 
cos 6 

+ yj sin 2 6 


(4.16) 


transform the metric tensor (14.151) to the standard spherical form 77 = — dt 2 + di ? 2 + i? 2 d0 2 + 
R 2 sin 2 0d p 2 . 

The vector potential (14.101) (for m = 0, A = 0) in coordinates (t, R, 0, p) can be divided 
into spherically symmetric Coulomb term S A and higher rank multipole rest R A: 


A ka $ = s A + r A (4.17) 

where 

S A = —|d t (4.18) 

XL 

The corresponding Maxwell tensor decomposition is 

F KdS = s F + R F (4.19) 


and the summands S F and R F separately fulfil Maxwell equations. A charge of S F obtained 
from the Gauss law is equal to q = e. The field R F has vanishing charge. The first terms of 
r A are related to magnetic and electric dipoles: 


R c/a sin 2 0^ c/a 2 (l — 3 cos 2 0) 
— 


R 


-dip — 


2 R 3 


dt + l.o.t. 


(4.20) 


The multipole expansion of the scalar field 4> has a rich structure. The CYK tensors Y 
and *Y (13.41) (for m = 0, A = 0) in spherical coordinates (14.161) take the form 


Y = r sin0d0 A [(r 2 + a 2 ) dip — adt] + a cos 6dr A (dt — a sin 2 6dip) 
= R 3 sin 0d0 A dip + ad(R cos 0) A dt . 


(4.21) 


Y s 


Y c =adzf\dt 


*Y 


a cos 8 sin OdO A [ (r 2 + a 2 ) dip — adt] + rdr A (a sin 2 6dip — dt) 
dt A lidII + -ad(i? 2 sin 2 0) A dp 

-v-" 

*Y c =adxAdy 


(4.22) 


The first pair (Y S ,*Y S ) is the spherically symmetric CYK tensor with its dual companion 
and the second pair (Y c ,*Y C ) is a constant correction which in Cartesian coordinates 
(t, x, y, z) takes the simple form Y c = adz A dt and *Y C = adx A d y. Hence, in the 
limit m —>• 0, A —» 0 for the Kerr-de Sitter spacetime two-forms Y s ,*Y S ,Y C , *Y C are 
the CYK tensors for Minkowski spacetime. Using the Tkds decomposition (14.191) and Y, 
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*Y decompositions (I4.2ip ~ (|4.22l) . the solution 4>KdS 911 can be divided into several parts. 
Introducing (F|y) := we have 


4>KdS = 


3 F + R F 


y* + y°' + -[*y i> ' +*Y C ] 


(■ s f |*y 5 ) -- ( s f |y 5 ) - - ( s f | y c -i*y c ) -i( r f | y - * * y) (4.23) 


where 


$ s = 


= 




Q_ 

R 

iqa cos© ga 2 (l — 3cos 2 0) / 1 

~R 2 + ^3 +G [ ^4 


<J>H 


4> 5 and both satisfy Eq. (14.91) in Minkowskian limit: □<!> = 0. The multipole structure 
of & R has different interpretation than multipole expansion of Maxwell tensoijj R F. Similar 
considerations are made by Lynden-Bell (see HZD- 


4.3 Special singular solutions of Maxwell equations 

In this section we present a singular family of complex Maxwell fields on Kerr back¬ 
ground. The solution <f> of F-I equation (|3.14l) constructed from any representant of this 
family is equal to zero. 

All the information about an electromagnetic field can be encoded in a single, complex 
two-form 


J = F + i*F (4.24) 

Let us recall that the Hodge star operator in (12.31) for Kerr metric satisfies * 2 = — id. A 
two-form p is self dual in Hodge sense if 

*p = ip (4-25) 

Note that 3“ is self-dual. Maxwell equations in terms of T take a simple form 

dT = 0 (4.26) 

We will call a two-form p algebraically special if it fulfils 


p A p = 0 


(4.27) 


Robinson and Trautman have proposed a singular, self-dual and algebraically special Maxwell 
field for optical geometry metrics (see |19j). With the help of Pawel Nurowski [18j . we have 
constructed such Maxwell field on Kerr. We will denote it by 3". 3" is built of two principal 
null covectors (13.161) and it has the following form: 

j _ 2 f(u - m cos 6,^- zatanh(cos 0)) ^ ^ / 4 9g x 

i\fK sin 9 y '~* 

3 The multipole expansion of is not in one to one correspondence to the electromagnetic multipoles. 
For example, the first term of <& R is given by —r ( S F | Y c ) — i (M | Y s ) = (-1 + 2) tqa $ se , where M : = 

d ( qasl ™ e dis a magnetic dipole part of R F. 
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Equivalently in terms of coordinate forms 


S' = f(u — la cos 9, 0 — *atanh(cos 0)) 


d t 


r 2 + a 2 

A 


dr A 


(d+ + ^-dr) 


H—— I dt + —dr — a sin 2 9d(p ) A d0 
sm0 V A 


(4.29) 


where dn = dt + r2 +^ 2 dr, d0 = d ip + ^dr and /(•, •) is an arbitrary, differentiable function 
of two variables. Only one of Newman-Penrose electromagnetic scalars ()3.15j) constructed 
from S' is non-zero 


*_ l( J) = ^(o-ocosM-^McosS)) = MT) = 0 

i\J A sin 9 


(4.30) 


Starting from Maxwell equations for Newman-Penrose electromagnetic scalars, it is easy to 
show that (j)-i (S') given by Eq. (14.301) fulfils the following equation: 


- 


r — m 




0- i(9 r ) = 0 


(4.31) 


where 


Dt = - 


\/VA 




(4.32) 


We have also found another family of solutions which satisfies conditions (I4.25|) - (I4.27I) . We 
denote it by SC 


2ih{v + xa cos 9, 0 + zatanh(cos 9)) 

SC = - -f= -£ A m 

V A sin 9 

In terms of coordinate forms 


(4.33) 


SC = h(v + tacos 9, 0 + iatanh(cos 9)) 
„2 


dt — 


r 2 + a 2 

A 


dr^ A ^d+ — —dr^ 


—( dt + ^r-dr — a sin 2 9dip ) A d0 
sm 9 \ A 


(4.34) 


where du = dt — r dr, d0 = d+ — j^dr and h(-, •) is an arbitrary, differentiable function 
of two variables. Again, only one Newman-Penrose electromagnetic scalar constructed from 
SC remains non-vanishing 


0-1 (SC) = 0o (SC) =0 0i(SC) = 


h(y + ta cos 0,0 + zatanh(cos 9)) 
\/Asin 9 


(4.35) 


note that it is a different component than that for solution (|4.30D . Maxwell equations in 
terms of Newman-Penrose electromagnetic scalars lead to the following equation 


£> + I 0i (SC) = 0 




(4.36) 
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where 


D = 


r 2 + a? 


d t + 



v¥a 


du. 


(4.37) 


The formulae (14.301) and (|4.35p describe explicit examples of Maxwell field, where scalar <f> 
(|3.14j) vanishes in the whole spacetime. It means that there exist singular solutions which 
belong to the kernel of the mapping F H > 4> (13.131) restricted to the Maxwell solutions. 
However, we are convinced that for regular solutions this kernel becomes trivial. 


4.4 Reconstruction of the Maxwell field from F—I initial data set ($, <9 t $) 

In this section we will discuss reconstruction of Maxwell field from given solution of F-I 
equation (13.141) . It is convenient to use tensor density of electromagnetic field instead of 
Maxwell tensor F. 

Let us introduce the following convention: By small latin letters ( k,l,m ...) we will 
denote a three-dimensional space index which corresponds to (r, 9, (p) coordinates. Capital 
latin letters (A, B,C...) are two-dimensional angular indices which run (9,<p) subset. 

We define respectively electric field density £ fe , magnetic field density ¥> k and complex 
electromagnetic vector field density Z k in the following way: 

£ fc := V-det g^F ok 

T, k := -y-det g^ * F ok (4.38) 

Z k := £ fc + *(B fc 


Let us denote by \k a scalar density associated with scalar <f> (|3.14D by the following formula: 
E 2 1 


q, ■- 


(r — m cos 9)p 2 a 2 + r 2 


\/-det gfj V $ 


(4.39) 


where E := y (a 2 + r 2 ) 2 — a 2 A sin 2 6 , cf. appendix [Bj T defined by (14.391) in the terms of 
Z k (|4.38l) takes the form 

T = + %P a Z A (4.40) 


where 


aA sin 9 
Pq ■ 9 ' o - 

r- + a z 


P v := 0 


(4.41) 


We assume that there is given a smooth solution (14.391) outside of the exterior horizon 
(r > r_|_). Maxwell equations (12.71) in the terms of Z k (|4.38l) can be written as 


d k Z k = 0 


dtZ k = di(N l Z k - N k Z l ) - id t 


gkm~ln 


jy £mnp 2 -^ 


(4.42) 

(4.43) 


where N = 




is 


a lapse function (IB.31) and N k = N 2 g 0k is a shift vector (IB.4|) . It 


is a time+space decomposition. g km denotes an inverse of three-dimensional space metric. 
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£ mn p is a three-dimensional Levi-Civita tensojj. Let us notice that (14.401) enables one to 
replace radial component 27 by Z A . Moreover, differentiating Eq. (14.401) with respect to t 
and using Eq. (14.431) . we obtain 


z (dt - N*8 V ) y = d A {^£ AB Z^j - iP B d A 0r 4B Z r .) + iP A dr [^e AB Z^\ (4.44) 

e AB is a two-dimensional Levi-Civita tensoid. Substituting Z r with using Eq. (14.401) . we 
have 

* (dt - K*d v ) T = d A {^£ AB Zj^j - P B d A e AB P c Z c \ +iP A dr 0 £ AB Zb ) (4.45) 
where 


K* = N* + -QrrPoe 0 * = 2 °^' 

Differentiating Eq. (14.401) with respect to r and using Eq. (14.421) gives the following: 

8 r m = id r {P c Z c ) - d A Z A (4.46) 


Equations (14.451) and (14.461) form a system of differential equations for Z A . It is a system 
of first order linear PDE’s. For analytic data one can check the local existence of solutions 
using the Cauchy-Kovalevskaya theorem. Moreover, the exterior domain V = [ro,oo] x S 2 
enables one to change this system into the following infinite-dimensional system of ODE’s: 

du * / \ 

— = A(r)u + f 

where /, u E l 2 , l 2 is a Hilbert space corresponding to spherical harmonics on S 2 and A(r) 
is one-dimensional family of linear operators in l 2 . The properties of A(r) determine the 
system. The vector / corresponds to given data ( d r 'L, ( d t — K^d^) \k) and u corresponds to 
the solution Z A . 

Spherical part Z A plus Eq. (|4.40|) enables one to reconstruct the full Maxwell field Z k . 
The details will be analyzed in a separate paper. 


Acknowledgements We are grateful to Pawel Nurowski for discussions and helpful re¬ 
marks. This work was supported in part by Narodowe Centrum Nauki (Poland) under 
Grant No. DEC-2011/03/B/ST1/02625. 


A Proof of equation (12.61) 


Changing the names of indices, we write (|2.5|) three times 

Q\K,vfA Qxk,;iiu = QctkR Xufi Qxa^l kiz/jL 

Q/XKjAl/ Q X = QcTkR [iXis H” Qfl(jR kXv 

QizK^fiX QizK^Xfj, QcjkR vfiX H” QvcyR k^lX 


4 Defined by £mn P = Vdet gki£mn P with convention e r 0 ip = 1, cf. (|B.6[) . 
5 Defined by eab — y/det gcDtAB with convention eg^ = 1, cf. (iBTfl) . 
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We take the first equation, subtract the second one and finally add the third equation. 
Assuming that Q is antisymmetric 


Q\k]1/(i Q\k\ilv Q H ” Q/j,k,;v\ H ” Qisk,;ii\ 

2 - (Qx k;/i "I - Q P K\\)-,v “1“ (Q “I - Qi/k; P );X (Qv k;A “1“ 

= Q a \R a A QafiR 0 k,Xu A Qai/R a K\f! A 2Q (TK i ? CT pI/ \ (A.l) 

We denote the covector = \7 a Q afJj . It fulfils 

2£% = Q° P , ap - Q aP ]P a = -2Q KU R.» = 0 (A.2) 

In the above equality we use Eq. (12.51) . Definition of the CYK two-form ()2.2j) applied to 
the terms in brackets in the Eq. (1A.1D implies 

2 

^Qxk\u P = A Su\^,K,;ii — 9 P v£,K\\ — 9 k,(X^ P )-,i/ + 9k( P £ v)\X — 9k(i/£x); P ) 

+QaxR°K P U A Qa P R a k Xu A QavR^ kX P A ‘^QctkR' 7 P vX 
A Qxk/i;!/ Q[iki/;X A Qi/kX;/i (A.3) 

0 0 0 

Contracting (1A.3D with respect to indices 9 and u and using the algebraic properties of Q, 
we get 


Qxk ,P h + R a kX P Q P a + QanR a X A ~C(k;X) + ^9kX^ P ’- p ~ Q P kX’ P 


(A.4) 


Using (12.51) and (12.21) leads to 
3 

£(m;A) = 9 Ra{ P Qx) 

Combining equations (IA.4I) . (IA.5I) and (1A.2I) . we obtain 

n Qx K = R°kXuQcf U ~ Ra[nQx]° 

where HT pv = V M V M T pi ,. 


(A.5) 


(A.6) 


B Useful quantities 

Kerr metric Non-trivial components of the inverse metric are 
S 2 


9 tt = 


g t<p = 


p 2 A 
2 mra 
p 2 A 


where 


E 2 = (a 2 A r 2 ) 2 — a 2 A sin 2 9 


(B.l) 

(B.2) 
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The three-metric has the following diagonal components: 

n 2 y 2 

9rr = -£ gee = P g w = sin 9 

Lapse function N and the non-vanishing component of the shift vector N k in 3 + 1 decom¬ 
position of the Kerr metric (13.11) are 

N = 

N 1 * = 

Square roots of determinants of Kerr metric for the corresponding dimensions are 

^-det^j, = p 2 sin# (B.5) 


p 2 A 

l] 2 ” 

2 mra 
S 2 


(B.3) 

(B.4) 


y/ det g ki = 


-X sin ( 


(B. 6 ) 


\J det (jab = X sin 9 (B.7) 

In Kerr spacetime (13.11) Maxwell field tensor density is related to electric £* and magnetic 
23* field densities in the following way 


F = vdet g^F 

= Vdt A di + dr A de - ( F? 


+ 23 


Ap 


T, 2 sin 9 


P 

- £ 


Ap 


T, 2 sin 9 


2 amr\ 

+ £ —^— j d r A dfj; 


q 2 amr\ 


y 2 


j d e Ad^ 


(B. 8 ) 
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